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Ef� cient and accurate Hermitian-type multipoint � nite difference methods are used to develop a general
boundary-layer code for analyzing reacting � ows around bodies of revolution. The main motivation is to build
a reliable code that can be used for the investigation of the in� uence of different physico-chemical models for
transport properties, chemical kinetics, and � nite rate wall catalysis on practically relevant quantities like heat
� ux and skin friction at the body surface. Special care has been devoted to the correct modeling of diffusion � uxes,
an aspect that is often neglected in literature. The exact Stefan–Maxwell equations are used to model the diffusion
� uxes and are solved with an ef� cient iterative technique. Finite rate catalysis is an important aspect of thermal
protection system (TPS) materials studies, for which a boundary-layer code is a very useful tool because it allows
the computation of the heat � ux at a cost that is a fraction of a Navier–Stokes approach. Wall catalyticity effects
are taken into account by means of a model that allows one to express a suitable set of wall reactions with the asso-
ciated reaction-rate probabilities. Computationsperformed on a variety of problems and the results shown here on
some typical test cases indicate the ability and reliability of the code to cope with a wide range of nonequilibrium
conditions, making it a potentially useful tool for physico-chemical and TPS material studies.

Nomenclature
ci = mass fraction of species i; ½i=½
Di j = binary diffusion coef� cient between

species i and j , m2/s
Eamb = ambipolar electric � eld, V/m
h = mixture enthalpy, J/kg
h i = enthalpy of species i , J/kg
Ji = mass diffusion � ux of species i , kg/(m2 s)
J #

i = mass � ux of species i incident to the wall, kg/(m2 s)
k = Boltzmann constant
kfr; kbr = forward and backward reaction rates; see Eq. (6)
M = mixture molar mass, kg/mol
Mi = molar mass of species i , kg/mol
m i = mass of particle i , kg
p = pressure, Pa
q = heat � ux, W/m2

qi = charge of species i per unit mass, C/kg
Rnose = body nose radius, m
r = distance from axis in axisymmetric con� guration, m
T = mixture temperature, K
u; v = tangential and normal velocity components, m/s
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V = velocity, m/s
Pwi = mass production rate of species i , kg/(m3 s)
x; y = Cartesian coordinates,m
xi = mole fraction of species i
° = wall recombination probability
´ = transformed y coordinate
¸ = mixture thermal conductivity,W/(m K)
¹ = mixture viscosity, m2/s
º 0

ir; º 00
ir = forward and backward stoichiometric coef� cients

» = transformed x coordinate
½ = mixture density, kg/m3

½i = density of species i , kg/m3

Subscripts

b = backward reaction
f = forward reaction
stag = stagnation point
w = wall surface
± = boundary-layerouter edge
1 = freestream

Introduction

H YPERSONIC aerothermochemistry is important for a wide
range of applications toward current and future vehicle de-

signs, their propulsion concepts, and related ground-simulationfa-
cilities.Althoughsomebigprogramssuchas theNationalAerospace
Plane (NASP), Hermes, and HOTOL have been shelved, scienti� c
and technologicalinteresthas been arousedand is kept alive through
other programs like capsule technology (X-38, USA; ARD, ESA;
HYFLEX, Japan; SHEN-ZHOU, China), reusable launch vehicles
like X-33, X-34 (USA) and ARIANE V (Europe), as well as con-
ceptual studies like Crew Transfer Vehicle (Europe), TAKANIS
(France), SÄNGER (Germany). The basic scienti� c challenge in
this context is tackling the complex physico-chemical phenomena
that occur in high-temperature� ow� elds of the relevant con� gura-
tions. A better understandingand control of these phenomena (than
is at presentpossible)is essential for an ef� cient and ultimately eco-
nomical design of the new vehicle concepts envisaged.1 Although
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the formal sets of governing equations and boundary conditions
for describing the multicomponent reacting � ows can be written
down, their application to individual con� gurations is beset with
formidable problems especially as a result of a lack of adequate
and reliable phenomenologicalmodels and associated data for the
complete speci� cation of the problem. Increasingly sophisticated
computational power can obviously be applied successfully only
when the required inputs into the mathematical models are ensured
and quali� ed.1;2

In this paper ef� cient and accurate Hermitian-type multipoint
� nite difference methods are used to develop a general boundary-
layer code for analyzing reacting � ows around bodies of revolution.
A motivation for the study from a computational � uid dynamics
(CFD) point of view is to compare the relative ef� ciency and econ-
omy of using EulerC boundary-layer calculations vs full Navier–
Stokes calculations. From a physical point of view, the motivation
is the possibility of investigating the effects, especially on practi-
cally relevant quantities such as heat transfer and skin friction at
the walls, of different physico-chemical models for transport and
reactionkinetics in multispecies� ows and � nite-rate wall catalysis.
Especially in the study of catalytic properties of thermal protection
system (TPS) materials, a boundary-layercode is a very useful tool
because it allows the computation of the heat transfer (a necessary
step for the determination of TPS materials catalyticity) at a cost
that is a fraction of a Navier–Stokes one.3

Governing Equations and Related
Physico-Chemical Models

We make the following assumptions: the � ow is axisymmetricor
two-dimensional, laminar, and steady; the in� uence of body forces
from external � elds is neglected; the boundary-layer assumptions
are valid; the � uid is composedof a mixture of Ns chemical species,
each one being a thermally perfect gas.

A Cartesian reference system having the x axis lying on and the
y axis normal to the body surface is considered.The unknownquan-
tities are the tangential u and normal v components of the velocity
vector, the enthalpy h or alternatively the temperature T , and the
mass fraction of the different chemical species c1 : : : ci : : : cNs . The
leading quantities u; v, and h are global, mass-averaged quantities
for the whole mixture. In the case of ionized mixtures, local charge
neutrality and zero electric current are assumed, the latter being
justi� ed by the absence of external electromagnetic � elds.

The governing equations are as follows.
Continuity:
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Energy (global):
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(The parameter ² de� nes the geometry; for an axisymmetric case
² D 1, and for two-dimensional² D 0.) Additional energy equations
can be added if thermal nonequilibrium (which we set aside here)
is taken into account.

The heat � ux can be written as
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The Dufour effect here and the Soret effect in Eq. (2) are neglected.

According to the law of mass action, the mass production rate is
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(NR is the total number of reactions that involve species i , and NJ is
the numberof speciesinvolvedin each of theNR differentreactions.)
We remember that the preceding expression is valid only if the NR
reactionsconsideredare elementary reactions, that is, reactions that
take place in one single step.The forward reaction rates kfr are taken
from Arrhenius data � ts available in literature.4;5 The backward
reaction rates are computed from kfr and the equilibrium constant
Kcr: kbr D kfr=Kcr . The equilibrium constant is linked to the Gibbs
free energy and is computed from statistical mechanics.6

Different levels of approximation can be employed to compute
the transport coef� cients (that is, viscosity, thermal conductivity,
and diffusion coef� cients); parameter studies have been carried out
in the stagnation point region,7 and the main conclusion is that
realistic values for the heat transfer can be obtainedonly if at least a
mixture rules model (for example, Wilke8 and Mason and Saxena9)
is employed for the computation of the transport coef� cients. In
this work the mixture transport properties are computed with the
method of Chapman and Enskog.6 The thermodynamic properties
of chemical species are computedby means of statisticalmechanics
methods6; anharmonicity corrections for the molecular species can
be included.

Special care has been devoted to the computationof the diffusion
� uxes Ji . In literature the Fick’s law approximation Ji D ¡½ Di rci

is often used. This formula has the advantageof an easy implemen-
tation, but violates mass conservation and gives wrong estimates
for the wall heat � ux.10;11 In the present work the Stefan–Maxwell
equations, which are equivalent to the detailed Chapman–Enskog
multicomponentdiffusion equations,12 are used to model the diffu-
sion � uxes:
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Pressure and thermal diffusion are neglected, but the in� uence
of the electric � eld is retained in case of ionized mixtures.
The latter is determined by imposing the ambipolar constraint13

that is, no electric current

NsX

i D 1

qi Ji D 0

on the diffusion � uxes Ji , the ambipolar assumption being consis-
tent with the absence of external electromagnetic � elds. A method
recently proposed by Sutton and Gnoffo10 is used to solve nu-
merically the Stefan–Maxwell equations. The method has been
adapted to handle correctly the ambipolar constraint for ionized
mixtures.11

Wall catalyticityeffectsare taken into accountas boundarycondi-
tions for the speciesequations.The full rangeof catalyticityregimes,
from noncatalyticwall to fully catalytic wall, can be simulated. As
upper extreme a local equilibriumwall boundary condition is avail-
able. (The species concentrations at the wall are the ones corre-
sponding to the chemical equilibrium composition at the wall local
pressure and temperature.) The catalytic boundary condition is re-
alized imposing Jiw D Pwiw , that is, the diffusion� ux toward the wall
balances the creation or destruction of species caused by chemical
reactions at the wall. The wall reaction rates are expressed in terms
of the recombinationprobability ° (de� ned as the ratio of the mass
� ux of i th particles recombiningat the surface over the mass � ux of
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i th particles impinging the surface); if nr reactions are taking place
at the wall, the same number of ° coef� cients should be considered.
The recombination probabilities are functions of the mixture com-
position,pressure, and temperature at the surface.The wall reaction
rate is de� ned as

Pwiw D J #
i

nrX

k D 1

ºki °k ¡
nrX

l D 1

NsX

j D 1

¹li j °l J
#
j (8)

The � rst term in the reaction-rate expression describes the destruc-
tion of i th species as a result of wall chemical reactions, the second
one the creationof i th speciesby wall reactions.The matrix ºk spec-
i� es if the i th species is destroyed in the kth reaction; the ¹l matrix
speci� es if the j th species produces the i th one in the lth reaction.
J #

i is the i th speciesmass � ux incident to the wall, which is givenby
kinetic theory as J #

i D ½iw
p

.kTw=2¼m i /. Scott14 suggests a mod-
i� cation to properly take into account the � rst-order perturbation
of the Boltzmann distribution in the computation of the incident
mass � ux J #. Practically this amounts to the de� nition of a new ° 0:
° 0 D 2° =.2 ¡ ° / in Eq. (8). In the present work we use the simple
° de� nition.

Numerical Solution
The boundary-layer equations are transformed by means of the

Lees–Dorodnitsyn coordinate transformation.15 The new coordi-
nates are de� ned as

».x/ D
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The main advantages of this transformation are as follows: the
growth of the boundary-layer thickness is incorporated into the
transformation itself; axisymmetric � ows are treated as equivalent
two-dimensional � ows.

The boundary-layer equations, also in transformed coordinates,
are still parabolic (except the continuity), and this property is ex-
ploited in order to split the solutionprocedureinto two distinctsteps,
one in the direction along the body surface (» coordinate) and the
other normal to it (´ coordinate). In this way the code can compute
the solution also in the stagnation point, or at the tip of a sharp
cone or a � at plate, where the boundary-layer equations reduce to
ordinary differential equations.

The discretization in the » direction is done by means of a
Lagrangianpolynomialof secondorder in » . In a genericstreamwise
location the unknown quantity w can be written as

w.»; ´/ D Lm .» /wm .´/

C Lm ¡ 1.» /wm¡1.´/ C Lm ¡ 2.» /wm ¡ 2.´/ (11)

[We assume here that the quantities wm ¡ 1.´/, wm ¡ 2.´/ are known
from precedingiterations.]The coef� cients Lm ¡ i .» / are polynomi-
als of second order, with the property that Lm ¡ j .»i / D ±i j (Refs. 11
and 15). In this way it is guaranteedthat w.»; ´/ D wm ¡ i .´/ at all of
the points »m ¡ i . By means of this discretization,the boundary-layer
equations are reduced, at the streamwise location »m , to nonlinear
ordinary differential equations in ´ and can be written in the form

a
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with the associated boundary conditions
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Equation (12) is still nonlinear because the coef� cients a; b; : : : ; h
depend in general on the unknown wm and its derivatives.The non-
linearity is removed by evaluating the coef� cients at the level »m by
means of a simple iterative updating procedure. They are � rst eval-
uated at the level »m ¡ 1 , and Eq. (12) is solved for the new values
of wm at level »m . The coef� cients are then updated by utilizing the
new solution, and the computation can be repeated to obtain bet-
ter prediction at »m . The procedure is stopped when the difference
between the solution for wm at the kth iteration and the one at the
.k ¡ 1/th iterationis less than a � xed tolerance.(We used a tolerance
of 10¡6 here.)

The unknown quantity wm .´/ is discretized by means of a
Hermitian polynomial of fourth order:

wm.´/ D 1
2 wm;n C 1.t 2 C t/ C wm ;n.1 ¡ t 2/

C 1
2 wm ;n ¡ 1.t2 ¡ t/ C ®t .1 ¡ t 2/ C ¯ t2.1 ¡ t 2/ (15)

[wm ;n C 1; wm;n ; wm ;n ¡ 1 are the values taken by wm .´/ at the loca-
tions ´n C 1 , ´n , ´n ¡ 1, respectively.] The variable t is de� ned as
t D .´ ¡ ´n/=1´; for t D 1, t D 0, and t D ¡1, the test function in
Eq. (15) equals wm ;n C 1; wm;n , and wm;n ¡ 1, respectively. The two
parameters ® and ¯ can be chosen freely. The polynomial should
be equal to the exact solution of the differential equation in several,
in general, arbitrary points. To eliminate the free parameters ® and
¯ , we need to equal the polynomial and the exact solution in three
collocationpoints. It is useful and logical to choose the collocation
points at the levels n C 1; n, and n ¡ 1 in the ´ direction. Then the
parameter t equals 1, 0, and ¡1. The system of three equationsaris-
ing from the substitution can be reduced to a unique equation in
three unknowns by eliminating the free parameters ® and ¯. The
� nal result is a single equation linking the unknown values of wm

at the points n C 1; n; n ¡ 1. The procedure is fourth-order-accurate
in step size across the boundary layer, but leads to a tridiagonal
algebraic system as second-ordermethods do.11;15

The computational grid for this method is simple: no � xed step
size is required in the » direction, and so it can be tuned locally.
A � xed step size is required in the ´ direction: usually 100 points
are enough (as veri� ed by computations with varying the number
of points).

Results
We will show now some results of boundary-layercomputations

around bodies of revolution.Different catalyticity boundary condi-
tionshavebeenused: noncatalytic,partiallycatalytic,fully catalytic,
and local equilibrium wall.

The � rst computations to be shown are the ones for the AGARD
B test case.16;17 It is a hyperboloid of revolution with a half-vertex
angle µ of 10 deg and a nose radius Rnose of 2:54 cm. The radius of
the hyperboloid rb is given as function of the distance s along the
surface by the differential equation

drb

ds
D

µ
1 C .rb=Rnose/

2

1 C .rb=Rnose/2 tan2 µ

¶¡0:5

The freestreamconditionsare T1 D 195:46 K, p1 D 2:04 Pa, V1 D
6096 m/s. The computations are carried out for four different mix-
tures: binary nitrogen (N, N2), air-5 (O2 , N2 , NO, O, N), air-7
(O2, N2 , NO, NOC, O, N, e¡), andair-11 (O2 , N2, NO, NOC , OC, NC,
OC

2 , NC
2 , O, N, e¡). The reaction-ratedata set given by Gupta et al.4

has been used. The outer-edge boundary conditions are taken from
Ref. 16, and chemical equilibrium is supposed at the boundary-
layer edge. The wall reaction set is N C N ! N2 , O C O ! O2,
NOC C e¡ ! NO, OC C e¡ ! O, NC C e¡ ! N, OC

2 C e¡ ! O2,
NC

2 C e¡ ! N2; the full set is valid for air-11, the � rst three re-
actions are taken in into account for air-7, the � rst two for air-5, and
the � rst one for binary nitrogen.

In Fig. 1 (the sub� gure shows a zoom of the nose region) the
Stanton number (de� ned here as St D qw=0:5½1 V 3

1) for a fully cat-
alytic wall is shown (that is, the ° for all of the wall reactions are
set equal to one); the wall temperature is Tw D 1000 K. The nitro-
gen mixture has the lowest heat � ux; this is to be expected because
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Fig. 1 Stanton number for different air mixtures in AGARD B.

Fig. 2 AGARD B test case: Stanton number comparison with Ref. 16.

oxygen is almost fully dissociatedat the boundary-layerouter edge,
and its recombination,which happens almost entirely at the wall as
a result of catalytic reactions (in effect computationswith a noncat-
alytic wall show only negligible oxygen recombination in the bulk
of the boundary layer), raises the heat � ux in the air computations.
The analysis shows that the catalytic mechanism at the wall can be
identi� ed as the main source of the difference in results between
air and binary nitrogen because the diffusion mechanism does not
distinguish much between oxygen and nitrogen. The heat � ux for
air-11 and air-7 is slightly higher than for air-5 because of the ions’
neutralizationat thewall, but,becauseof the weak ionizationdegree,
this effect is small. The same trend is valid for a local equilibrium
wall except that the heat � ux is higher, as to be expected.

In Fig. 2, for the sake of comparison,we show the Stantonnumber
for air-5 and air-7 mixtures along with the result taken from Ref. 16;
the latter computation has been performed for a chemical equilib-
rium boundary layer. (As in Fig. 1, the sub� gure shows a zoom
of the nose region.) We have therefore chosen a local equilibrium
wall as boundary condition because it is known that a nonequilib-
rium boundary layer (or even a frozen boundary layer18) with such a
boundary condition and a chemical equilibrium boundary layer are
giving practically the same value for the heat � ux. There is a totally

Fig. 3 Stanton number for copper AGARD B sample.

negligible differencebetween air-5 and air-7 mixture (the same ob-
servationbeingvalidfor air-11mixture),andwe noticea goodagree-
ment between our computations and the one of Ref. 16. The wall
heat � ux is mainly a function of the difference in enthalpy between
the outer edge and the wall. When the wall composition is � xed, as
for a local equilibrium wall, the wall enthalpy assumes a value that
is independent from what is happening inside the boundary layer.
Therefore, differences in physico-chemicalmodeling play a small
role in the determination of the heat-� ux � nal value: this explains
the relatively good agreement among the various computations.

To show the ability of the code to cope with different levels of
catalyticityand strong temperature gradients in the boundary layer,
the AGARD B test case has been recomputed assuming that the
hyperboloid is made of copper and the surface temperature is at
150±C. The values of recombinationprobabilities° have been taken
from literature.19 Computations have been carried out for air-5 and
air-7 mixtures. The wall reaction set is N C N ! N2, O C O ! O2,
NOC C e¡ ! NO. As suggested in Ref. 19, we have taken
°NN D 0:29, °OO D 0:1, °NOC e¡ D 1:0. The Stanton numbers for the
differentmixturesare shownin Fig.3, with the fullycatalyticwall for
the sake of comparison.(The sub� gure shows a zoom of the nose re-
gion.) As should be expected, the heat � ux for the partiallycatalytic
wall is lower than for the fully catalyticwall; air-7 mixture heat � ux
is higher than air-5 mixture one, but the difference is very small as a
result of the weak ionization level and because of the low wall tem-
perature NOC is almost fully recombined before reaching the wall.

We have also performed computations in the stagnation point
region of a body that represents the typical geometry of the sam-
ple used in the von Kármán Institute Plasmatron wind tunnel20 to
test the catalytic properties of TPS materials. In the speci� c case
it was a cylinder with a circular � at base and a diameter of 1 cm.
The outer-edge conditions are given by numerical computations of
the � ow� eld inside the Plasmatron facility,21 and they are equal to
T± D 4560 K, p± D 10,161 Pa, du±=dx D 11,670 s¡1 (velocity gradi-
ent); the chemical composition is the equilibrium one. The compu-
tations are performed for air-5 mixture, as at this level of pressure
and temperature the ionized species contribution to the heat � ux is
totally negligible.The wall temperature varies from 300 to 2100 K.
The wall reaction set is N C N ! N2, O C O ! O2. The value of
the catalytic recombination probability ° is taken equal for both
reactionsand varies from 0 to 1. The reaction-ratedata set given by
Gupta et al.4 is used.

In Fig. 4 the heat-� ux chart obtained from the computations is
shown. The heat-� ux curves are parameterized as functions of the
catalyticrecombinationprobability° and are plotted as functionsof
the wall temperature.The heat � ux for a fully frozen� ow (that is, no
reaction both in the gas and at the wall) is shown in order to assess
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Fig. 4 Heat � ux in the stagnation region of a TPS sample.

Fig. 5 Electron number density in the boundary layer.

the lower heat-� ux limit. It is possible to understand the strong ef-
fect of wall catalyticityon the heat � ux: at wall temperaturesaround
1000–1200K, which are common in reentry situations,the heat � ux
practically doubles from noncatalytic to fully catalytic conditions.
The strong nonlineardependenceof the heat � ux from the recombi-
nationprobability° might be noticed.When temperaturedecreases,
the difference in heat � ux between the frozen case and the noncat-
alyticone increases.This behavioris causedby a strongeratomic re-
combinationin the gas phase for lower wall temperature.In effect, in
the noncatalyticcase, because there is no recombinationat the wall,
the heat-� uxdifferencewith respectto the fullyfrozen� owis caused
by the recombination of atomic species inside the bulk of the gas.

Comparisons have been made with the work of Blottner.22;23 The
boundary layer around a 10-deg semivertex angle cone has been
computed for the air-7 mixture (the reaction rates being the ones of
Gupta et al.4). The outer-edge boundary conditions are assumed
to be constant along the cone and are equal to u± D 6581 m/s,
p± D 25,022 Pa, T± D 1019 K (Ref. 22). The outer-edge chemical
composition is assumed to be the one correspondingto local chem-
ical equilibrium.The wall temperature is Tw D 1000 K, and the wall
is a local equilibrium wall. We show the values of electron number
density (Fig. 5) and of nitric oxide mass fraction (Fig. 6) at two dif-
ferentstreamwiselocations;respectivelyx D 0:13 m and3.36m. We

Fig. 6 Nitric oxide mass fraction in the boundary layer.

note that the physical trends are qualitativelythe same despite some
quantitative differences. The computation was repeated using the
same forward and backward reaction rates as in Blottner.22 Agree-
ment with Blottner results is improved (as shown in Figs. 5 and 6
by the additional curves); residual discrepancies can be explained
by differences in the thermodynamic and transport properties and
by inherently distinct computational techniques used in the two
codes.Blottnernumericalmethodis of lowerorderaccuracythan the
Hermitianmethodused here,15 the latterbeingmore accurateand ef-
� cient for a givennumberof pivotalpoints,or alternatively,requiring
fewerpivotalpointsfor a givenaccuracy.This lendsmore con� dence
to the better reliability of the results from the present study. More-
over, the kinetic coef� cient data and modeling used in the present
study are considered more up to date than those of Ref. 22.

Computationswere also made for the AGARD A test case 17 (the
geometry being the same of the AGARD B test case); it is a good
test case to check the ability of the nonequilibriumcode to compute
a � ow near chemical equilibrium. The freestream conditions are
T1 D 227 K, p1 D 1114 Pa, V1 D 6096 m/s, which correspond,
in the stagnation point, to T± D 7065 K and p± D 605,923 Pa. The
outer-edge boundary conditions are taken from Blottner.23 Air-7
mixture is used in the computations, and the reaction data set of
Park5 is chosen here. Both fully catalytic and noncatalytic walls
have been taken into account. The wall reaction set is N C N ! N2,
O C O ! O2 , NOC C e¡ ! NO; for the fully catalytic case all of
the ° have been taken equal to 1; for the noncatalyticcase to 0.

In Fig. 7 the species mass fractions at 50 nose radii downstream
are shown for a noncatalyticwall. We noticea fairlygoodagreement
for y=Rnose > 0:1 for all of the species. Some discrepancies appear
for y=Rnose < 0:1; higher recombination next to the wall is present
in our computations. The fully catalytic wall case (not shown here)
has a good agreement for y=Rnose < 0:1 too; this is to be expected
because the wall chemical composition is imposed by the boundary
condition.In Fig. 8 we compare the Stanton number [de� ned here as
St D qw=½1V1.hstag ¡ hw/] along the hyperboloid. We can notice
that the heat-� ux difference between the noncatalytic and the fully
catalyticwall is small; it is clearlyan indexof the fact that the bound-
ary layer is next to equilibrium.This statement is supported also by
the fact that the atomic species (Fig. 7) are appreciablyrecombining
across the boundary layer, even in the case of noncatalyticwall. For
the fully catalytic case Blottner computationgives a higher Stanton
number in the nose region (x=Rnose < 1) and a lower one along the
remainderof thebody.In the noncatalyticcase Blottnergivesalways
a slightly higher heat � ux. In both cases the maximum difference
does not exceed 8%, a very reasonable value.

We show now in Fig. 9 the Stanton number (de� ned as in
the AGARD B test case) and in Fig. 10 skin-friction fde� ned
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Fig. 7 Species mass fraction for noncatalytic wall at x/Rnose = 50 for
AGARD A test case.

Fig. 8 Stanton number along hyperboloid for AGARD A test case.

Fig. 9 Stanton-number coef� cient comparison.

Fig. 10 Skin-friction coef� cient comparison.

as C f D [¹.@u=@y/]w=0:5½1 V 2
1g comparisons with the work of

Prabhu et al.24 The computations are carried out for a 10-
deg semivertex angle cone at an altitude of 45.72 km with
V1 D 8100 m/s, p1 D 136:7 Pa, T1 D 266:2 K. The boundary-
layer outer-edgeconditionsare constantand equal to u± D 7946m/s,
p± D 3750Pa, T± D 1374K. The outer-edgechemicalcompositionis
taken to be the chemical equilibriumone, althoughfor this pressure
and temperaturethe mixture is practicallyundissociated.The wall is
noncatalytic,and its temperature is Tw D 1200 K. The computation
has been performed for the air-5 mixture, and the reaction data set
of Gupta4 is chosen here. As can be seen, the agreement between
the two codes is very good: a small differenceappears only near the
cone tip, where the interaction between the inviscid outer � ow and
the inner boundary layer is not totally negligible.

The Prabhu computations are performed with a parabolized
Navier–Stokes code. The good agreement with our boundary-
layer results suggests that, in some cases, the “old” approach
of combined Euler C boundary-layer computations is still valid.
Therefore, the preceding test case has been recomputed following
two different strategies: a full Navier–Stokes computation and an
EulerC boundary-layercomputation.The approach is justi� ed here
because the Reynolds number (using as reference length the cone
length, which is equal to 3.5 m) is of the order of 3 £ 106 . The
Euler/Navier–Stokes code, also developed by the � rst author,11;25

uses the same physico-chemicalmodels as the boundary-layerone.
The aim is to compare the relative ef� ciency and accuracy of
an Euler C boundary-layer computation vs a Navier–Stokes one.
Both the Euler and the Navier–Stokes computations were per-
formed using second-order-accurate schemes; we recall here that
the boundary-layer code is second-order-accurate in the stream-
wise direction and fourth-order in the direction normal to the
wall. The same number of grid points (4489) were used in the
Euler and in the Navier–Stokes computations; 100 points were
used for the boundary-layer computation. As is usual in the classi-
cal EulerC boundary-layerapproach, the outer-edge values for the
boundary-layer computation have been taken to be the ones at the
cone wall for the Euler computation.

In Figs. 11 and 12 the Stanton number and the skin-friction co-
ef� cient (de� ned as in the preceding test case) are shown. (The
sub� gure shows a zoom of the nose region.) One can notice a cer-
tain difference next to the cone tip between the two approaches.
The Euler C boundary-layer computation predicts a Stanton num-
ber and a skin-friction coef� cient appreciably higher than the ones
predicted by the Navier–Stokes computation.One reason is that, in
the Euler C boundary-layercomputation the viscous-inviscidinter-
action next to the cone tip is neglected.On the other hand, the � nite
volumegrid (for both Euler and Navier–Stokes computations)is not
� ne enough, in the tip region, to adequately capture all of the � uid
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Fig. 11 Stanton-numbercoef� cient comparison for Euler + boundary
layer vs Navier–Stokes.

Fig. 12 Skin-friction coef� cient comparison for Euler + boundary
layer vs Navier–Stokes.

dynamic phenomena. This taken into account, the agreement be-
tween the computations is quite good. Except very close to the cone
tip where viscous/inviscid interaction effects, which are neglected
in the Euler/boundary-layer analysis, are important, the maximum
difference is on the skin-friction coef� cient, and it does not exceed
7% (Fig. 12; x > 5 cm) and, what is more important, the main phys-
ical features are equally captured by both approaches. We observe
that both C f and St are slightly overpredictedby Euler C boundary
layer away from the problematic cone-tip region. This slight over-
prediction might be caused by the boundary-layerdisplacement ef-
fect in the Navier–Stokes in contrast to the Euler C boundary-layer
approach.

Concerning the relative computational ef� ciency, the EulerC
boundary-layer approach needed 28% of the CPU time needed by
the fullNavier–Stokesone. (All of the computationswereperformed
on an AMD 500 MHz Athlon machine.) If we consider the good
agreement between the two computations, we can conclude that,
even nowadays, a Euler C boundary-layer approach, when physi-
cally sound, is more economical than a full Navier–Stokes one.

We would like now to comparemore in detail thedifferentcompu-
tations on the cone, that is, the Euler C boundary-layer,the Navier–

Fig. 13 Nondimensional temperature: comparison among different
computations.

Fig. 14 NO mass fraction: comparison amongdifferent computations.

Stokes, the boundary layer, and the one of Ref. 24. In Figs. 13, 14,
and 15 the nondimensional temperature, the nitric oxide NO mass
fraction, and the atomic oxygen O mass fraction across the bound-
ary layer at a distance x D 3:5 m from the cone tip are shown, re-
spectively.The y coordinateon all of the three � gures represents the
physicaltransversedistancein theboundarylayer.For theboundary-
layer computation the physical thickness has been obtained from
the transformed coordinate´ by inverting Eq. (10). First, we notice
that the boundary-layer thickness is indeed well predicted by both
kinds of boundary-layer computations; this is a further indication
of the validity of the EulerC boundary-layer approach for the spe-
ci� c circumstance. The temperature pro� les (Fig. 13) are similar
across the boundary layer, especially at the wall. The wall being
noncatalytic, the only contribution to the heat � ux comes from the
conductive term (¡¸rT ), which is quite similar in all of the cases,
and this explains the good agreement on the Stanton number. The
pro� les for NO and O are in good agreement, with the computation
of Prabhu et al.24 giving a stronger dissociation near the wall. In
particular the NO behaviornext to the wall (see Fig. 14) is really the
same for our three computations, with only a negligible difference
in the mass fraction value. This can be expected because the same
physico-chemicalmodels are used.
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Fig. 15 O mass fraction: comparison among different computations.

Conclusions
A two-dimensional/axisymmetric boundary-layercode has been

developed; ef� cient and accurate Hermitian-type multipoint � nite
difference schemes are used to discretize the governing equations.
The code is able to handlearbitrarymixturesof perfectgases and uti-
lizes up-to-date physico-chemical models for thermodynamic and
transportpropertiesandchemicalkinetics.Diffusion� uxes aremod-
eled by means of exact (in the framework of Chapman–Enskog
theory) Stefan–Maxwell equations. Wall catalyticity is taken into
account by means of a model that allows one to express a suitable
set of wall reaction with their reaction rates.

The resultsof the computationsshow that the code is accurate,re-
liable, and able to handlea wide rangeof nonequilibriumconditions.
In addition, when physically sound the boundary-layercode can be
coupled with an Euler code to provide heat � ux and skin friction at
a fraction of the cost of a full Navier–Stokes computation.

In the highlycomplexhypersonic� ight vehicle environmentwith
a plethora of phenomenologicaland parametric inputs of uncertain
accuracy or inadequate availability, the latter approach can serve
as a handy design tool for quick estimates and parametric studies
based on any given set of available models and input data. The said
input data, it can be noted, are themselves active areas of physico-
chemical research, and accordinglyhypersonic researchersmust be
ready to continually update the needed inputs in order to improve
the predictive capabilities of their CFD codes and their indispens-
able validation by increasingly sophisticated experiments that can
resolve details from re� ned models.
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